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Outline

� Introduce Two-way modal µ-calculus

� What is interpolation?

� Proof strategy: Maehara's method adapted for cyclic proofs

� How to obtain such a proof system
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Modal µ-calculus

The modal µ-calculus is generated by the grammar

φ ::= p | p | x | φ∨φ | φ∧φ | ⟨a⟩φ | [a]φ | µx φ | νx φ

� µx φ: least �xpoint

� νx φ: greatest �xpoint

▶ µx φ ≡ φ[µx φ/x ]

▶ νx φ ≡ φ[νx φ/x ]

Example:

� νx ⟨a⟩x

2 / 12



Modal µ-calculus

The modal µ-calculus is generated by the grammar

φ ::= p | p | x | φ∨φ | φ∧φ | ⟨a⟩φ | [a]φ | µx φ | νx φ

� µx φ: least �xpoint

� νx φ: greatest �xpoint

▶ µx φ ≡ φ[µx φ/x ]

▶ νx φ ≡ φ[νx φ/x ]

Example:

� νx ⟨a⟩x

2 / 12



Properties of modal µ-calculus

� Originates from [Scott & Bakker '69]

� Modern version introduced by [Kozen '82]

� Key tool in formal study of behaviour of programs

� Fragments of the modal µ-calculus: LTL, CTL, PDL,...

Properties:

� Finite model property

� Satis�ability problem in ExpTime

� Complete axiomatization [Walukiewicz '00]

� Bisimulation-invariant fragment of monadic second-order logic

[Janin & Walukiewicz '96]

� Uniform interpolation property [D'Agostino & Hollenberg '00]
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Two-way modal µ-calculus

For every modality a add converse modality ă.

Semantics: ă interpreted as converse of a

Example:

� νx (⟨a⟩x ∧ µy [ă]y)
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Properties of two-way modal µ-calculus

� Backward modalities enable logic to reason about past

� Natural in program veri�cation and description logics

Properties:

� No �nite model property

� Tree model property

� Satis�ability problem in ExpTime

� Automata-theoretic proof [Vardi '98]

Our contribution:

� Craig interpolation
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Interpolation

De�nition

A logic has Craig interpolation if for any two formulas φ and ψ

such that φ→ ψ holds, there is an interpolant θ with

� φ→ θ and θ → ψ

� Voc(θ) ⊆ Voc(φ) ∩ Voc(ψ)

Corrollary: Beth de�nability

Relevant in

� model checking

� knowledge representation

� ...
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Proof methods

Methods to prove interpolation:

� Model theory

� Automata theory

� Proof theory
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Proof methods

Methods to prove interpolation:

� Model theory

� Automata theory

� Proof theory

▶ Use Maehara's method
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Maehara's method

� Take �nite proof π of φ,ψ

� Split every sequent into Γ | ∆
� De�ne interpolant inductively

Ax1
Γ, p | ∆, p

De�ne interpolant for

Γ, p | ∆, p as θ := p

Γ
θ1
| ∆, φ Γ

θ2
| ∆, ψ

∨
Γ | ∆, φ ∨ ψ

De�ne interpolant for

Γ | ∆, φ ∨ ψ as θ := θ1 ∨ θ2
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Maehara's method for cyclic proofs

Allow discharged leaves:

� leaves v with ancestor c

� v and c same label

� path from c to v successful

Interpolation idea:

� Assign fresh variable x to v

� Bind x at c with �xpoint
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Non-wellfounded proof system NW2

� Inspired by tableaux games for the modal µ-calculus of

[Niwi«ski & Walukiewicz '96]

� Contains in�nite branches

� Success condition: Every in�nite branch contains in�nite trace

dominated by µ

Challenges:

� No cut-free sequent system

for two-way modal logic

⇒ add only analytic cuts

� Traces may go up

and down in tree model

⇒ add trace atoms
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Cyclic proof system JS2

� Inspired by cyclic proof system of [Jungteerapanich '10] and

[Stirling '14]

� Adding annotations to sequents

Challenges:

� Completeness: Use ω-automaton checking success condition

on in�nite branches in NW2 proof

⇒ develop determinization method

� adapt Maehara's method for JS2
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Conclusions

� Introduced two sound and complete proof systems for the

two-way modal µ-calculus

� Proved Craig interpolation property

� Future work:

� Uniform interpolation

� Craig interpolation for Converse PDL
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Thank you !



Non-wellfounded proof system NW2



Cyclic proof system JS2


